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We consider a recently proposed class of extended teleparallel theories of gravity, which entail a
scalar field which is non-minimally coupled to the torsion of a flat, metric-compatible connection.
This class of scalar-torsion theories of gravity is constructed in analogy to and as a direct extension
of the well-studied class of scalar-curvature gravity theories, and has various common features, such
as the conformal frame freedom. For this class we determine the parametrized post-Newtonian
limit, both for a massive and a massless scalar field. In the massive case, we determine the effective
gravitational constant and the post-Newtonian parameter γ, both of which depend on the distance
between the gravitating and test masses. In the massless case, we calculate the full set of parameters
and find that only γ and β potentially deviate from their general relativity values. In particular,
we find that for a minimally coupled scalar field the theory becomes indistinguishable from general
relativity at this level of the post-Newtonian approximation.
I. INTRODUCTION
One of the most challenging questions in modern gravitational physics is posed by cosmological observations, such as
the accelerating expansion of the Universe at present and early times in its history, known as dark energy and inflation,
as well as observations of galaxies and the large scale structure, which hint towards the presence of an unknown, dark
matter component, which is apparent only by its gravitational effects. Besides models originating from particle physics,
a potential explanation of these observations is given by modified gravity theories. An important class of such theories
is constituted by scalar-curvature theories of gravity [1, 2]. These theories have in common that they contain one
or more scalar fields, which in general are non-minimally coupled to the curvature of the Levi-Civita connection
arising from the metric geometry of spacetime. The gravitational dynamics of the theory is then determined by the
interaction of these fundamental, metric and scalar fields.
A class of such theories of particular interest is defined in terms of four free functions in the action functional, where
any specific choice of these functions defines a concrete theory [3]. A remarkable property of this class of scalar-tensor
theories is their behavior under conformal transformations of the metric, which relate different theories within this
class to each other. It is an ongoing debate whether these conformally related theories lead to physically equivalent
predictions [4–11]. As an important contribution to this debate, a number of invariant quantities have been identified,
which can be used to express physical observables independently of the choice of the conformal frame [12, 13].
While the aforementioned class of theories, like many other modified gravity theories, are readily interpreted as
modifications of general relativity in its most well-known formulation in terms of the curvature of the torsion-free,
metric-compatible Levi-Civita connection, one may consider alternative starting points for modifications. These start-
ing points may be provided by the equivalent formulations of general relativity either in terms of the torsion of a flat,
metric-compatible connection, or in terms of the nonmetricity of a flat, torsion-free connection, or even a combination
of both [14, 15]. These formulations have received increasing interest during the last years due to the fact that they
exhibit more similarities to other gauge field theories, thus potentially providing a link to the theories describing the
other fundamental interactions of nature. In this article we will focus on so-called teleparallel models of gravity, where
torsion takes the role of curvature as the quantity which mediates the gravitational interaction [16–20]. There are
different possibilities how this flat, metric-compatible connection may be implemented. In its original formulation of
the teleparallel equivalent of general relativity (TEGR) and its modifications the Weitzenböck connection of a tetrad
was assumed, which possesses a vanishing spin connection. While in TEGR the spin connection does not contribute
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2to the field equations, and so there is no harm in a priori fixing it, this it not the case in modified theories. One
potential issue arising from this fact is a possible breaking of local Lorentz invariance [21, 22] and the appearance of
spurious degrees of freedom [23–26]. There are different possibilities to resolve this issue. One such possibility is the
use of the Palatini approach to implement the flat, metric-compatible connection [27]. Another approach, which is
the one we will make use of here, is the covariant formulation, which features an arbitrary, flat, metric-compatible
spin connection [28–31].
The teleparallel equivalent of general relatively has been the starting point for numerous modified gravity theories,
most of which aim at answering the aforementioned questions raised by general relativity in the light of cosmological
observations and the tensions with particle physics [25, 32–37]. While most of these theories, including extensions
by scalar fields, make use of the Weitzenböck connection to implement the teleparallel geometry, also a Lorentz
covariant formulation of scalar-torsion gravity has recently been proposed [38], and we will make use of this proposal
here. It turns out that a large class of scalar-torsion theories can be constructed following this principle of Lorentz
covariance [39–41]. Focusing on similarities to scalar-curvature theories, one finds a particular subclass of scalar-
torsion theories whose action is characterized by one more free function of the scalar field compared to the classical
scalar-curvature theories [3], and reduces to the latter for a particular choice of this function [41]. This class of theories
also exhibits invariance under conformal frame rescalings, again in analogy to scalar-curvature gravity. This is the
class of theories we will study in this article.
An important criterion allowing to restrict the large class of scalar-torsion theories is their compatibility with
observations on smaller scales, such as the solar system. A well established tool for testing the viability of metric
theories of gravity is the parameterized post-Newtonian (PPN) formalism [42–44], which characterizes any given
theory of gravity by a set of ten (usually constant) parameters. Comparing these parameters obtained from a theory
with high-precision measurements of their values in solar system experiments thus yields bounds on the allowed classes
of theories.
The application of the PPN formalism to particular scalar-torsion gravity theories, in particular to the original
teleparallel dark energy model [45] and theories with general coupling function and potential [36], has shown that
these theories yield the same values for the PPN parameters as general relativity, and thus cannot be distinguished
by the aforementioned measurements. However, it has also been found that more general theories, including a non-
minimal coupling to the teleparallel boundary term, lead to a deviating post-Newtonian limit [46]. The aim of this
article is to extend these earlier studies to the general class of scalar-torsion theories of gravity mentioned above [41].
Since we are using the covariant formulation of these theories, we make use of a recently developed adaptation of the
PPN formalism to covariant teleparallel gravity theories [47], which we further adapt to theories based on a scalar field
and a tetrad [48]. In particular, we study how the coupling to the teleparallel boundary term, which can equivalently
be described by a kinetic coupling between the scalar field and the vector torsion, is related to the deviation of the
PPN parameters from their general relativity values. During this work we make use of the conformal frame freedom
of scalar-torsion gravity to calculate the PPN parameters in the Jordan frame and to express them in terms of frame
independent quantities.
The outline of this article is as follows. We start with a brief review of the dynamical variables and field equations
of the class of scalar-torsion theories we consider in section II. Another brief review of the PPN formalism is presented
in section III, together with its adaptation to scalar-torsion gravity. We then come to the main part of the paper,
with the derivation of the PPN parameter γ for the massive scalar field case in section IV, as well as the full set of
PPN parameters for a massless scalar field in section V. We apply our results to a few example theories in section VI,
before we conclude with a discussion and outlook in section VII.
In this article we use uppercase Latin letters A,B, . . . = 0, . . . , 3 for Lorentz indices, lowercase Greek letters
µ, ν, . . . = 0, . . . , 3 for spacetime indices and lowercase Latin letters i, j, . . . = 1, . . . , 3 for spatial indices. In our
convention the Minkowski metric ηAB and ηµν has signature (−,+,+,+).
II. FIELD VARIABLES AND THEIR DYNAMICS
We start our discussion of the post-Newtonian limit of a recently proposed class of scalar-torsion theories of grav-
ity [41] with a brief review of their field content, action and field equations. These theories make use of the covariant
formulation of scalar-torsion gravity [38], where the dynamical fields are given by a tetrad θAµ, a flat Lorentz spin
connection ωABµ and a scalar field φ. From these field variables one derives the metric
gµν = ηABθ
A
µθ
B
ν (1)
and the torsion
T ρµν = eA
ρ
(
∂µθ
A
ν − ∂νθ
A
µ + ω
A
Bµθ
B
ν − ω
A
Bνθ
B
µ
)
, (2)
3where eA
µ is the inverse tetrad defined such that θAµeA
ν = δνµ and θ
A
µeB
µ = δAB. The metric further defines a
Levi-Civita connection
◦
∇ together with its respective curvature tensors; all quantities derived from this connection
will be denoted with an empty circle.
The action we consider here will be of the form
S[θAµ, ω
A
Bµ, φ, χ
I ] = Sg[θ
A
µ, ω
A
Bµ, φ] + Sm[e
α(φ)θAµ, χ
I ] , (3)
and thus splits into a gravitational part Sg and a matter part Sm. The latter depends, in addition to the aforementioned
dynamical fields, on an arbitrary set χI of matter fields. In this article we will assume the matter source to be given
by a perfect fluid, as discussed in detail in the following section III. We further assume that there is no direct coupling
between the matter fields χI and the teleparallel spin connection ωABµ, and that the coupling to the tetrad and the
scalar field is mediated only via the conformally rescaled metric e2α(φ)gµν = e
2α(φ)ηABθ
A
µθ
B
ν with a free function
α of the scalar field. It follows from this assumption that the variation of the matter action with respect to the
dynamical fields, after performing integration by parts, is of the form
δSm[e
α(φ)θAµ, χ
I ] =
∫
M
[
ΘA
µ
(
δθAµ + α
′(φ)θAµδφ
)
+̟Iδχ
I
]
θ d4x , (4)
and that the energy-momentum tensor Θµν = θ
A
µgνρΘA
ρ is symmetric, Θ[µν] = 0. Here θ denotes the determinant
of the tetrad θAµ, and ̟I = 0 are the matter field equations.
For the gravitational part of the action we assume the form
Sg[θ
A
µ, ω
A
Bµ, φ] =
1
2κ2
∫
M
[
−A(φ)T + 2B(φ)X + 2C(φ)Y − 2κ2V(φ)
]
θ d4x , (5)
where the torsion scalar
T =
1
2
T ρµνSρ
µν (6)
is defined via the superpotential
Sρµν =
1
2
(Tνµρ + Tρµν − Tµνρ)− gρµT
σ
σν + gρνT
σ
σµ , (7)
and we have used the scalar field kinetic term
X = −
1
2
gµνφ,µφ,ν , (8)
as well as the derivative coupling term
Y = gµνT ρρµφ,ν . (9)
Any particular action of this class is defined by a choice of the free functions A,B, C,V of the scalar field, in addition
to the free function α in the matter action. The combined action (3) keeps its form under conformal transformations
θ¯Aµ = e
γ(φ)θAµ of the tetrad and redefinitions φ¯ = f(φ) of the scalar field [41]. This allows us to reduce the number
of free functions in the action. During the remainder of this article we will choose to work in the Jordan frame, and
hence assume α(φ) ≡ 0.
Following the derivation detailed in [41], we can decompose the field equations into three separate sets of equations,
which we write in the form
E(µν) = κ
2Θµν , E[µν] = 0 , E = 0 . (10)
The first two equations are obtained by variation of the action with respect to the tetrad θAµ, further using the tetrad
and the metric in order to convert both indices to lower spacetime indices, and finally splitting the resulting equations
into their symmetric and antisymmetric parts. Their left hand side, obtained from variation of the gravitational
part (5) of the action, reads
E(µν) = (A
′ + C)S(µν)
ρφ,ρ +A
(
◦
Rµν −
1
2
◦
Rgµν
)
+
(
1
2
B − C′
)
φ,ρφ,σg
ρσgµν
− (B − C′)φ,µφ,ν + C
(
◦
∇µ
◦
∇νφ−
◦
φgµν
)
+ κ2Vgµν (11)
4for the symmetric part and
E[µν] = (A
′ + C)T ρ[µνφ,ρ] (12)
for the antisymmetric part. The latter field equation can also be obtained by varying the action with respect to the
spin connection ωABµ, allowing only such variations which preserve its vanishing curvature. The third and last field
equation is obtained by variation with respect to the scalar field. Its left hand side takes the form
E =
1
2
A′T − B
◦
φ−
1
2
B′gµνφ,µφ,ν + C
◦
∇µTν
νµ + κ2V ′ . (13)
While it would be possible to solve these equations directly using the perturbative expansion discussed in the following
section, it turns out that one can significantly simplify this task by performing a number of transformations on the
field equations. We start by replacing the symmetric part of the field equations by its trace-reversed form, which we
define as
E¯(µν) = κ
2Θ¯µν , E¯(µν) = E(µν) −
1
2
gµνg
ρσEρσ , Θ¯µν = Θµν −
1
2
gµνg
ρσΘρσ . (14)
After this transformation the left hand side of the corresponding field equations reads
E¯(µν) = (A
′+C)
(
S(µν)
ρ + gµνTχ
χρ
)
φ,ρ+A
◦
Rµν +
1
2
C′gµνφ,ρφ,σg
ρσ− (B−C′)φ,µφ,ν +C
◦
∇µ
◦
∇νφ+
1
2
C
◦
φgµν −κ
2Vgµν .
(15)
The second transformation we apply concerns the scalar field equation. Note that the left hand side (13) contains
second order derivatives of the tetrad, which enter through the covariant derivative of the torsion. These can be
eliminated by adding a suitable multiple of the trace of the tetrad field equations, so that the transformed scalar field
equation takes the form
E¯ = 2AE + CgµνEµν = κ
2CΘ , (16)
where the left hand side is now given by
E¯ = (A′ + C) (AT − 2CTµ
µνφ,ν)−
(
2AB + 3C2
) ◦
φ+ (BC − AB′ − 3CC′)gµνφ,µφ,ν + 2κ
2(AV ′ + 2CV) . (17)
These are the equations we will use in the remainder of this article. In order to solve them, we will perform a
perturbative expansion of the dynamical fields. This will be discussed in the following section.
III. POST-NEWTONIAN APPROXIMATION
We continue with a brief review of the parametrized post-Newtonian formalism [42–44], which we will then apply
to the class of theories discussed in the previous section. Note that there are different versions of this formalism; here
we will use the notation and definitions in its classical form [42]. This formalism has recently been adapted to the
covariant formulation of teleparallel gravity theories [47], which will be the basis for the formalism we use here. For
our purpose we further adapt the formalism to also include a scalar field besides the tetrad [48].
Basic assumption of the PPN formalism is that the energy-momentum tensor corresponds to a perfect fluid with
rest energy density ρ, specific internal energy Π, pressure p and four-velocity uµ, which is given by
Θµν = (ρ+ ρΠ+ p)uµuν + pgµν . (18)
The four-velocity uµ is normalized by the metric gµν , so that u
µuνgµν = −1. One then assumes that there exists a
given frame of reference, conventionally identified with the universe rest frame, in which the velocity vi = ui/u0 of
the source matter is small compared to the speed of light, which we set to unity, c ≡ 1. One then introduces velocity
orders O(n) ∝ |~v|n as perturbation parameter in which all dynamical quantities are expanded. The zeroth order O(0)
is the background solution, for which we choose the diagonal tetrad ∆Aµ = diag(1, 1, 1, 1) in the Weitzenböck gauge
ωABµ ≡ 0, as well as a constant background value Φ of the scalar field. We then write the perturbative expansion of
the tetrad in the form
θAµ = ∆
A
µ + τ
A
µ = ∆
A
µ +
1
τAµ +
2
τAµ +
3
τAµ +
4
τAµ +O(5) , (19)
5while the scalar field φ expansion reads
φ = Φ+ ψ = Φ +
1
ψ +
2
ψ +
3
ψ +
4
ψ +O(5) . (20)
Here we have used overscript numbers to denote velocity orders, i.e., each term
n
τAµ resp.
n
ψ is of order O(n). Velocity
orders beyond the fourth order are not considered in the PPN formalism and will not be necessary for the derivation
of the PPN parameters.
Together with the scalar field we also have to expand the free functions A,B, C,V in the action (5) into velocity
orders. For this purpose we use a Taylor expansion of the form
A(φ) =
∞∑
k=0
ψk
k!
dk
dφk
A(φ)
∣∣∣∣
φ=Φ
, (21)
and analogously for the other functions, and introduce roman letters instead of the script letters to denote the values
of the derivatives at the cosmological background value of the scalar field, which appear in the Taylor coefficients, i.e.,
A = A(Φ) , A′ = A′(Φ) , A′′ = A′′(Φ) , A′′′ = A′′′(Φ) , . . . (22)
The Taylor series (21) is then further expanded into velocity orders, where all Taylor coefficients are assumed to be
of velocity order O(0).
Further following the teleparallel PPN formalism [47], we introduce another convenient expression for the tetrad
perturbations. For this purpose we lower the Lorentz index using the Minkowski metric ηAB and convert it into a
spacetime index using the background tetrad ∆Aµ. This yields the expressions
τµν = ∆
A
µηABτ
B
ν ,
n
τµν = ∆
A
µηAB
n
τBν , (23)
with pure spacetime indices. In order to determine the PPN parameters, not all components of the tetrad and the
scalar field need to be expanded to the fourth velocity order, while others vanish due to Newtonian energy conservation
or time reversal symmetry. For the scalar-torsion model, it turns out that the only relevant, non-vanishing components
of the field variables we need to determine in this article are given by
2
τ00 ,
2
τ ij ,
3
τ0i ,
3
τ i0 ,
4
τ00 ,
2
ψ ,
4
ψ . (24)
Using the perturbative expansion (19) and the tetrad components listed above we can expand all terms appearing in
the field equations up to their relevant velocity orders. Of most importance for our calculation is the metric, whose
background solution follows from the diagonal background tetrad ∆Aµ to be a flat Minkowski metric,
0
gµν = ηµν , and
which is expanded around this background in terms of velocity orders in the form
2
g00 = 2
2
τ00 ,
2
gij = 2
2
τ (ij) ,
3
g0i = 2
3
τ (i0) ,
4
g00 = −(
2
τ00)
2 + 2
4
τ00 . (25)
In the field equations further appears the torsion, which can be expanded in the form [47]
2
T 00i =
2
τ00,i ,
2
T ijk = 2δ
il 2τ l[k,j] ,
3
T i0j = δ
ik(
2
τkj,0−
3
τk0,j) ,
3
T 0ij = 2
3
τ0[i,j] ,
4
T 00i =
2
τ00
2
τ00,i−
3
τ0i,0+
4
τ00,i . (26)
For the derivatives of the tetrad and the scalar field we need the additional assumption that the gravitational field is
quasi-static, so that changes are only induced by the motion of the source matter. Time derivatives ∂0 of the tetrad
components and scalar field are therefore weighted with an additional velocity order O(1).
Finally, we use the expansion (25) of the metric tensor in order to expand the energy-momentum tensor (18) into
velocity orders and tetrad perturbations. Using the standard PPN assignment of velocity orders also to the rest mass
density, specific internal energy and pressure, which is based on their orders of magnitude in the solar system, and
which assigns velocity orders O(2) to ρ and Π and O(4) to p [42], the energy-momentum tensor (18) can then be
expanded in the form
Θ00 = ρ
(
1 + Π+ v2 − 2
2
τ00
)
+O(6) , (27a)
Θ0j = −ρvj +O(5) , (27b)
Θij = ρvivj + pδij +O(6) . (27c)
6For later use we also expand the trace-reversed energy momentum tensor introduced in the field equations (14) in
terms of velocity orders and obtain the expressions
Θ¯00 =
1
2
ρ+
1
2
ρΠ+ ρv2 − ρ
2
τ00 +
3
2
p+O(6) , (28a)
Θ¯0j = −ρvj +O(5) , (28b)
Θ¯ij =
1
2
ρδij +
1
2
ρΠδij + ρvivj + ρ
2
τ (ij) −
1
2
pδij +O(6) . (28c)
Note in particular that at the zeroth velocity order the energy-momentum tensor vanishes,
0
Θµν = 0, so that we are
left with solving the vacuum field equations. Inserting our assumed background values
0
θAµ = ∆
A
µ for the tetrad and
0
φ = Φ into the respective field equations (10), we find that their gravitational part at the zeroth order is given by
0
E00 = −κ
2V ,
0
Eij = κ
2V δij ,
0
E = κ2V ′ . (29)
It thus follows that the perturbation ansatz is consistent with the vacuum field equations only if the parameter
functions satisfy V = V ′ = 0. We will therefore restrict ourselves to theories satisfying these condition during the
remaining sections of this article. While these conditions may seem very restrictive at first sight, this is not necessarily
the case. The condition V = 0 simply implies that any cosmological constant is sufficiently small to leave the solar
system unaffected, which is a reasonable assumption. Further, V ′ = 0 may appear as an attractor in scalar-torsion
cosmology, and is therefore also reasonable in the late universe [49].
IV. MASSIVE CASE: PPN PARAMETER γ
We now come to the derivation of the post-Newtonian limit of the class of scalar-torsion theories displayed in
section II. In this section we will consider a general potential V for the scalar field, on which we impose no restrictions
except for the consistency conditions V = V ′ = 0 explained in the preceding section. To solve the perturbative field
equations, we consider the simple case of a static point mass as the source matter, which we explain in section IVA.
Under this assumption we solve the field equations at the second velocity order: for the scalar field in section IVB,
and for the time and space components of the tetrad in sections IVC and IVD, respectively. From these solutions we
can determine the second order metric perturbations and PPN parameter γ in section IVE.
A. Static point mass source
The starting point of our calculation is the assumption that the source of the gravitational field is given by a single
point-like mass M , whose energy-momentum tensor is of the form (18) with
ρ = Mδ(~x) , Π = 0 , p = 0 , vi = 0 . (30)
We thus assume that the point mass is at rest in our chosen coordinate system. In the following, we will use spherical
coordinates, with r denoting the radial coordinate, and the point mass located at the origin r = 0. Further, we will
denote by U(r) =M/r the Newtonian gravitational potential of this source.
B. Scalar field at second order
At the second order we can write the equation (16) with (17) for the scalar field in the form
△
2
ψ −m2φ
2
ψ = −cφρ , (31)
where △ = δij∂i∂j is the Laplace operator and we have introduced the abbreviations
m2φ =
2κ2AV ′′
2AB + 3C2
, cφ =
−κ2C
2AB + 3C2
. (32)
7We see that the equation is given by a screened Poisson equation, where mφ can be interpreted as the mass of the
scalar field. The solution of the second order equation (31) is thus given by
2
ψ(r) =
M
4πr
cφe
−mφr , (33)
which has the form of a Yukawa potential.
C. Temporal tetrad components at second order
In the next step we can write the second order of the trace-reversed tetrad field equation (14) with (15) for the
time component
2
E¯00, which takes the form
2△
2
τ00 = c1
2
ψ − c2ρ . (34)
Here we have introduced the additional abbreviations
c1 = −
C
A
m2φ , c2 = −
cφC
A
+
κ2
A
. (35)
Substituting the previously found solution (33) for
2
ψ into (34) and then solving it we get
2
τ00 = Geff(r)U(r) =
M
8πr
[
c2 +
c1cφ
m2φ
(e−mφr − 1)
]
. (36)
In the expression above we have introduced the effective gravitational constant, which is given by
Geff(r) =
1
8π
[
c2 +
c1cφ
m2φ
(e−mφr − 1)
]
, (37)
and hence depends on the distance r between the observer (or test mass) and the gravitating mass. We see that
the effective gravitational potential consists of the superposition of a pure Newtonian potential and a Yukawa-type
term. Further, we find that in the case C → 0 no Yukawa term arises, and the gravitational constant becomes truly
a constant, Geff → κ
2/8πA. This is related to the fact that in this case the source term in the scalar field equation
vanishes, and hence no second-order scalar field is excited. However, also in this case the gravitational constant
still depends on the background value A of the function A in front of the torsion scalar T in the action (5), as one
expects [50].
D. Spatial tetrad components at second order
We then come to the second order of the trace-reversed tetrad field equation (14) with (15) for the space component
2
E¯ij , which takes the form
2△
2
τ ij = (c3
2
ψ − c4ρ)δij , (38)
where we denoted
c3 =
C
A
m2φ , c4 =
cφC
A
+
κ2
A
. (39)
Substituting the solution (33) for the second-order scalar field
2
ψ into the field equation (38) we find the solution
2
τ ij(r) =
M
8πr
[
c3 −
c4cφ
m2φ
(e−mφr − 1)
]
δij . (40)
Again, we find a superposition of a pure Newtonian part and a Yukawa-type term.
8E. PPN metric and parameters
For the static point source (30) we find that the spherically symmetric post-Newtonian metric is of the general form
g00 = −1 + 2
2
τ00 = −1 + 2Geff(r)U(r) +O(4) , (41a)
g0j = O(5) , (41b)
gij = δij + 2
2
τ (ij) = [1 + 2Geff(r)γ(r)U(r)] δij +O(4) . (41c)
Here γ(r) is the post-Newtonian parameter we aim to determine. From our solution for the tetrad we find that it is
given by
γ(r) =
2ω + 3− e−mφr
2ω + 3 + e−mφr
, (42)
where we introduced ω =
AB
C2
, while the scalar field mass mφ is defined by the relation (32). We find that the
result agrees with the well-known case of a massive scalar field in various scalar-curvature type theories [51–56]. In
particular, it agrees with general relativity in the limit ω → ∞ of vanishing kinetic coupling or mφ → ∞ of an
infinitely heavy scalar field.
V. MASSLESS CASE: ALL PPN PARAMETERS
To proceed further and also solve the perturbative field equations at higher velocity order, we restrict ourselves to
theories in which the scalar field is massless, and where its potential satisfies the additional conditions V ′′ = V ′′′ = 0.
It turns out that in this case we can express all perturbations of the tetrad and the spin connection in terms of
standard PPN potentials. They are obtained by solving the field equations order by order: the second order scalar
field in section VA, the second order time component of the tetrad in section VB, its second order space components
in section VC, its third order components in section VD, and finally the fourth order in section VE. From these
solutions we obtain the full metric and post-Newtonian parameters, which we display in section VF.
A. Scalar field at second order
Similarly to the case of a massive scalar field, we start by solving the scalar field equation (16) with (17) at the
second velocity order. In the massless case the second-order equation is given by
− (2AB + 3C2)△
2
ψ = −κ2Cρ . (43)
This is now an ordinary Poisson equation, which has the general solution
2
ψ = −
κ2C
4π(2AB + 3C2)
U (44)
for an arbitrary source mass density ρ, where the Newtonian potential is defined as the solution of the Poisson equation
△U = −4πρ ⇔ U(t, ~x) =
∫
d3x′
ρ(t, ~x′)
|~x− ~x′|
. (45)
Note that without a mass term, no Yukawa-type dependence arises.
B. Temporal tetrad components at second order
We then continue with the second-order trace-reversed tetrad equation (14) with (15). Its time component reads
−A△
2
τ00 −
C
2
△
2
ψ =
κ2
2
ρ . (46)
9Using the solution (44) for the second-order scalar field we thus find the solution
2
τ00 =
κ2
4πA
AB + 2C2
2AB + 3C2
U . (47)
Writing the solution in the form
2
τ00 = GU , we can read off the gravitational constant
G =
κ2
4πA
AB + 2C2
2AB + 3C2
, (48)
which is now truly a constant and not an effective quantity depending on the distance between source and test mass.
Hence, we drop the subscript “eff”. We will use this expression later to normalize the coupling constant κ. Note that
also here we find G→ κ2/8πA for C → 0 as in the massive case [50].
C. Spatial tetrad components at second order
In the next step we come to the spatial part of the trace-reversed tetrad equation at the second velocity order,
which reads
A
(
2
τ00,ij −
2
τkk,ij −△
2
τ (ij) +
2
τ (i|k|,j)k +
2
τk(i,j)k
)
+
C
2
(
2
2
ψ,ij +△
2
ψδij
)
=
κ2
2
ρδij . (49)
In order to solve this equation, we introduce the gauge condition
0 = Ki = hij,j −
1
2
hjj,i +
1
2
h00,i +
C
A
ψ,i (50)
on the metric perturbations hµν = gµν − ηµν . Expanding this gauge condition at the second velocity order and
substituting the tetrad perturbations, we find
2
Ki =
2
τ ij,j +
2
τ ji,j −
2
τ jj,i +
2
τ00,i +
C
A
2
ψ,i . (51)
We can implement this gauge condition by adding a suitable multiple to the trace-reversed field equations (14). Hence,
instead of solving the original field equations, we solve the equations
2
E¯ij −
A
2
(
2
Ki,j +
2
Kj,i
)
= κ2
2
Θ¯ij , (52)
which are equivalent to the original equations if the gauge condition (50) is satisfied. The second-order tetrad equation
then simplifies to
−A△
2
τ (ij) +
C
2
△
2
ψδij =
κ2
2
ρδij . (53)
We thus find the solution
2
τ (ij) =
κ2
4πA
AB + C2
2AB + 3C2
Uδij (54)
for the symmetric part of the spatial tetrad components. Note that the antisymmetric part of the tetrad components
is not yet determined by the field equations at this velocity order.
D. Tetrad at third order
We then continue with the third velocity order. At this stage we need to consider only the symmetric part of the
tetrad field equations, which reads
A
(
2
τ (ij),0j −
2
τ jj,0i −△
3
τ (0i) +
3
τ (0j),ij
)
+ C
2
ψ,0i = −κ
2ρvi , (55)
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since the remaining equations are satisfied identically. Also in this case we must introduce a gauge condition. Here
we choose the condition
0 = K0 = h0i,i −
1
2
hii,0 +
C
A
ψ,0 . (56)
At the third velocity order and with the tetrad perturbations substituted this gauge condition reads
3
K0 =
3
τ0i,i +
3
τ i0,i −
2
τ ii,0 +
C
A
2
ψ,0 . (57)
We then proceed in a similar fashion as for the second velocity order above and subtract a suitable multiple of the
gauge condition from the field equations. Hence, the equations we solve are given by
3
E¯(0i) −
A
2
(
3
C0,i +
2
Ci,0
)
= κ2
3
Θ¯(0i) . (58)
Again we remark that these are equivalent to the original equations, provided that the gauge condition (56) is satisfied.
We thus obtain the equations
−A△
3
τ (0i) −
A
2
2
τ00,0i = −κ
2ρvi . (59)
Using the previously found solution (47) we thus find
3
τ (0i) = −
κ2
16πA(2AB + 3C2)
[
(7AB + 10C2)Vi + (AB + 2C
2)Wi
]
, (60)
where the post-Newtonian potentials Vi and Wi satisfy
△Vi = −4πρvi , △Wi = −4πρvi + 2U,0i ; (61)
see [42] for their definition. Also in this case we only determine the symmetric part of the tetrad. However, we will
see shortly that this will be sufficient for our purpose of determining the post-Newtonian limit.
E. Temporal tetrad components at fourth order
We finally come to the fourth velocity order, where we must determine the temporal tetrad component. For this
purpose we use the temporal component of the fourth-order tetrad field equations, which reads
−A△
4
τ00 + 2A
3
τ (0i),0i −A
2
τ ii,00 +A
2
τ00△
2
τ00 + 2A
2
τ ij
2
τ00,ij + 2A
2
τ00,i
2
τ (ij),j
−A
2
τ00,i
2
τ jj,i −
C
2
△
4
ψ +
3C
2
2
ψ,00 + C
2
τ00△
2
ψ + C
2
τ ij
2
ψ,ij −A
′△
2
τ00
2
ψ
+
(
C
2
−A′
)
2
τ00,i
2
ψ,i + C
2
τ (ij),j
2
ψ,i −
C
2
2
τ jj,i
2
ψ,i −
C′
2
2
ψ△
2
ψ −
C′
2
2
ψ,i
2
ψ,i = κ
2ρ
(
−
2
τ00 + v
2 +
Π
2
+
3p
2ρ
)
.
(62)
In order to eliminate the fourth order scalar field, which appears in form of the term △
4
ψ, we use the corresponding
fourth-order scalar field equation, which is given by
(2AB + 3C2)
(
−△
4
ψ +
2
ψ,00 + 2
2
τ ij
2
ψ,ij +
2
τ ij,j
2
ψ,i
)
− 2(BA′ +AB′ + 3CC′)
2
ψ△
2
ψ
+A(A′ + C)
(
4
2
τ00,i
2
τ j[j,i] + 4
2
τ i[i,j]
2
τk[j,k] +
2
τ (ij),k
2
τ (ij),k +
1
2
2
τ ij,k
2
τkj,i −
2
τ ij,k
2
τ jk,i −
1
2
2
τ ij,k
2
τ ik,j
)
+ (BC −AB′ − 3CC′)
2
ψ,i
2
ψ,i + (2AB + C
2 − 2CA′)
(
2
τ ji,j
2
ψ,i −
2
τ jj,i
2
ψ,i +
2
τ00,i
2
ψ,i
)
= κ2
[
C(3p− ρΠ)− C′
2
ψρ
]
.
(63)
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In the latter equation also appears the antisymmetric part of the second order tetrad, which we obtain by solving the
fourth order antisymmetric equation
4
E¯[ij] = (A
′ + C)
(
2
τ00,[i
2
ψ,j] −
2
τkk,[i
2
ψ,j] +
2
τk[i,|k|
2
ψ,j] −
2
τk[i,j]
2
ψ,k
)
= 0 . (64)
Since all terms in this equation arising from scalar fields and symmetric tetrad components are of the form U,[iU,j]
and thus vanish, this is identically solved by setting
2
τ [ij] = 0. With the lower order solutions, and following the steps
above, one finally obtains for the fourth-order tetrad field equation the form
△
4
τ00 = w1U,00 + w2U,iU,i + w3ρU + w4ρΠ+ w5ρv
2 + w6p , (65)
where the constants are given by
w1 = 0 , (66a)
w2 = −
κ4
32π2A2
4A3B3 − 6C5(A′ − 3C)−ABC3(8A′ − 33C)−A2C[2B2(A′ − 10C) +B′C2 − 2BCC′]
(2AB + 3C2)3
, (66b)
w3 = −
κ4
4πA2
2A3B3 + 6A′C5 + 2ABC3(4A′ + 3C) +A2C[B2(2A′ + 7C) +B′C2 − 2BCC′]
(2AB + 3C2)3
, (66c)
w4 = −
κ2
A
AB + 2C2
2AB + 3C2
, (66d)
w5 = −
κ2
A
, (66e)
w6 = −
3κ2
A
AB + C2
2AB + 3C2
. (66f)
One recognizes that the terms on the right hand side correspond to the fourth-order post-Newtonian potentials [42],
which satisfy the relations
△Φ1 = −4πρv
2 , △Φ2 = −4πρU , △Φ3 = −4πρΠ , △Φ4 = −4πp , △(A+B− Φ1) = −2U,00 . (67)
The solution is therefore given by
4
τ00 =
w2
2
U2 +
(w1
2
−
w5
4π
)
Φ1 −
(
w2 +
w3
4π
)
Φ2 −
w4
4π
Φ3 −
w6
4π
Φ4 −
w1
2
A−
w1
2
B . (68)
We have thus determined all components of the tetrad which are necessary for calculating the post-Newtonian limit.
F. PPN metric and parameters
Using the tetrad components obtained from the calculation detailed above, we can now calculate the post-Newtonian
metric components. Using the formula (25) we find the components
2
g00 = 2U , (69a)
2
gij = 2
AB + C2
AB + 2C2
Uδij , (69b)
3
g0i = −
1
2
(
7AB + 10C2
AB + 2C2
Vi +Wi
)
, (69c)
4
g00 =
(
3 +
AB
AB + 2C2
)
Φ1 + 2Φ3 +
(
3 +
3AB
AB + 2C2
)
Φ4
+
8A3B3 + 6C5(A′ + 3C) +ABC3(8A′ + 45C) +A2C[2B2(A′ + 17C) +B′C2 − 2BCC′]
(AB + 2C2)2(2AB + 3C2)
Φ2
−
8A3B3 − 6C5(A′ − 7C)−ABC3(8A′ − 73C)−A2C[2B2(A′ − 21C) +B′C2 − 2BCC′]
2(AB + 2C2)2(2AB + 3C2)
U2 , (69d)
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where we have eliminated κ by using the normalization G ≡ 1 for the gravitational constant (48). By comparison
with the standard PPN metric [42], which reads
2
g00 = 2U , (70a)
2
gij = 2γUδij , (70b)
3
g0i = −
1
2
(3 + 4γ + α1 − α2 + ζ1 − 2ξ)Vi −
1
2
(1 + α2 − ζ1 + 2ξ)Wi , (70c)
4
g00 = −2βU
2 − 2ξΦW + (2 + 2γ + α3 + ζ1 − 2ξ)Φ1 + 2(1 + 3γ − 2β + ζ2 + ξ)Φ2
+ 2(1 + ζ3)Φ3 + 2(3γ + 3ζ4 − 2ξ)Φ4 − (ζ1 − 2ξ)A , (70d)
we see that this metric is already in the PPN gauge, since B does not appear, so that we can immediately read off
the PPN parameters. We find that the only non-trivial parameters are given by
γ = 1−
C2
AB + 2C2
(71)
and
β = 1−
C{6C4(C +A′) +ABC2(7C + 8A′) +A2[2B2(C +A′) +B′C2 − 2BCC′]}
4(AB + 2C2)2(2AB + 3C2)
, (72)
while all other PPN parameters vanish, ξ = α1 = α2 = α3 = ζ1 = ζ2 = ζ3 = ζ4 = 0. Theories of this type are called
fully conservative, as they do not exhibit any preferred-frame or preferred-location effects or violation of the total
momentum conservation.
We may also express this result in terms of conformal invariants [41], which are related to the Jordan frame
parameter functions we have been using by
I1 =
1
A
, G =
1
2
B , K =
1
2
C . (73)
In terms of these invariant parameter functions the PPN parameters are given by
γ = 1−
2K2I1
G+ 4K2I1
(74)
and
β = 1 +
K[(G+ 2K2I1)(G+ 6K
2I1)I
′
1 − (2G
2 + 14GK2I1 + 24K
4I21 +G
′K − 2GK ′)KI21 ]
4I1(G+ 3K2I1)(G + 4K2I1)2
(75)
Note that here G does not denote the gravitational constant, but the constant background value G = G(Φ) of the
function G. We finally remark that the function K (or C in the Jordan frame, which we used for the calculation),
and hence its first Taylor coefficient K = K(Φ), determines the non-minimal kinetic coupling of the scalar field to
the teleparallel geometry. We thus see that in the minimal coupling limit K → 0 both γ and β obtain their general
relativity values. Hence, such theories cannot be distinguished from general relativity by their PPN parameters, and
more sophisticated methods must be employed to study their phenomenology.
This concludes our derivation of the PPN parameters for the general class of scalar-torsion theories. Particular
examples will be discussed in the following section.
VI. EXAMPLE THEORIES
In order to further illustrate our results presented in the preceding two sections, we consider a few more specific
classes of example theories and calculate their PPN parameters. In section VIA we discuss the teleparallel equivalent
of scalar-curvature gravity. Teleparallel dark energy and its generalizations are discussed in section VIB. Finally, we
discuss theories with a non-minimal coupling to the boundary term in section VIC.
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A. Teleparallel equivalent of scalar-curvature gravity
For the special case C = −A′, it can be shown that the gravitational part of the action reduces to the well-known
scalar-tensor gravity action [3] up to a boundary term, which we neglect here [41]:
Sg [θ
a, ωab, φ] =
1
2κ2
∫
M
[
A(φ)
◦
R + 2B(φ)X − 2κ2V(φ)
]
θd4x . (76)
Substituting C by −A′ we find that our results both in the massive and massless cases indeed reduce to earlier results
on the post-Newtonian limit of scalar-curvature gravity [12, 51–53, 57].
B. Teleparallel dark energy and its generalizations
The second class of theories we discuss is conventionally expressed in the Jordan frame α ≡ 0, and its members
feature a vanishing kinetic coupling of the scalar field to the torsion, C ≡ 0, and a general scalar field potential V .
This class features numerous well studied contender theories, which are summarized under the name of (generalized)
teleparallel dark energy models, and whose actions are given as follows:
1. The classical teleparallel dark energy model [32]:
Sg =
∫
M
[
−
T
2κ2
+
1
2
(
gµνφ,µφ,ν − ξφ
2T
)
− V(φ)
]
θd4x , (77)
with coupling constant ξ and potential V . By comparison with the general form (5) we find the parameter
functions A = 1 + 2κ2ξφ2 and B = −κ2.
2. Interacting dark energy [34]:
Sg =
∫
M
[
−
T
2κ2
+
1
2
(gµνφ,µφ,ν − ξF (φ)T )− V(φ)
]
θd4x , (78)
where the function A is replaced by A = 1 + 2κ2ξF (φ).
3. Brans-Dicke type action with a general coupling to torsion [25]:
Sg =
∫
M
[
−
F (φ)
2κ2
T − ωgµνφ,µφ,ν − V(φ)
]
θd4x , (79)
where A = F (φ) and B = 2κ2ω.
4. Brans-Dicke type action with a dynamical kinetic term [36]:
Sg =
∫
M
[
−
φ
2κ2
T −
ω(φ)
φ
gµνφ,µφ,ν − V(φ)
]
θd4x , (80)
where A = φ and B = 2κ2ω(φ)/φ.
Due to the fact that all of these models have vanishing kinetic coupling, C = 0, we find that the PPN parameters we
calculated, in the massive case γ (42) and in the massless case γ (71) and β (72), take the values γ = β = 1. Hence, we
conclude that the post-Newtonian limit of these theories agrees with general relativity, so that these theories cannot
be distinguished by measurements of the PPN parameters. For the models (77) and (80) our result thus reduces to
the PPN parameters found in previous studies [36, 45].
C. Non-minimal coupling to the boundary term
The last model we consider employs a non-minimal coupling of the scalar field to the teleparallel boundary term
and is defined by the action [37]
Sg =
∫
M
[
−
T
2κ2
+
1
2
(
gµνφ,µφ,ν − ξφ
2T − χφ2B
)
− V(φ)
]
θd4x (81)
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with constants ξ, χ and a general potential V , and where the boundary term B is defined via
B =
◦
R+ T = 2
◦
∇νTµ
µν . (82)
In order to bring the action to the form (5) one has to perform integration by parts. After this step one finds the
parameter functions
A = 1 + 2κ2ξφ2 , B = −κ2 , C = 4κ2χφ . (83)
Here we restrict ourselves to the massless case V = 0; see [46] for a discussion of the post-Newtonian limit of the theory
with a massive scalar field. Note that the parameter functions explicitly depend on κ, so that for the normalization
G = 1 of the gravitational constant we must insert them into the expression (48). This yields the solution
κ2 =
16π
1− 32π(ξ − 6χ2)Φ2 +
√
(1 − 64πχ2Φ2)(1 − 576πχ2Φ2)
(84)
as the only solution which yields κ2 → 8π in the limit Φ → 0, as one would expect. Further, observe that C → 0 in
the limit χ → 0. It is thus helpful to expand the PPN parameters in a Taylor series in χ, since they approach their
general relativity values for χ→ 0. This yields the result
γ = 1 + 128πχ2Φ2 +O(χ4) , β = 1 + 32πξχΦ2 + 32πχ2Φ2 +O(χ3) . (85)
Comparison of these results with observations of the PPN parameters thus yields bounds on the appearing constants.
However, this would lead beyond the scope of this article.
VII. CONCLUSION
We have derived the post-Newtonian limit and PPN parameters for a general class of scalar-torsion theories of
gravity featuring a non-minimal kinetic coupling between the scalar field and the vector part of the torsion. We found
that for the consistency of the post-Newtonian approximation, we must assume a vanishing cosmological background
value of the scalar field potential and its first derivative. For the case of a massive scalar field, we calculated the
PPN parameter γ under the assumption of a static point mass source. We could drop this assumption in the case of
a massless scalar field, for which we calculated the full set of PPN parameters. Our findings show that the class of
scalar-torsion theories of gravity is fully conservative in the sense that only the PPN parameters β and γ potentially
deviate from their general relativity values, which implies no preferred frame or preferred location effects, as well
as the conservation of energy-momentum. We also found that deviating values for β and γ are obtained only for a
non-minimal kinetic coupling to vector torsion. Further, we expressed the PPN parameters in terms of quantities
which are invariant under conformal transformations.
To illustrate our findings, we applied them to a number of particular models within the class of scalar-torsion
theories we considered, and which have been previously considered in the literature mainly as cosmological models.
Many of these theories are minimally coupled, and are therefore identical to general relativity at the level of the PPN
parameters. We also considered the teleparallel equivalent of scalar-curvature gravity theories, and found that their
PPN parameters reproduce the values found for their classical representation through the curvature of the Levi-Civita
connection. This confirms the consistency of our approach with previous results.
The work we present here allows for various extensions and generalizations. For example, one may consider more
general scalar-torsion theories which include a free function of the torsion and the scalar field [38], and possibly also
the scalar field kinetic terms [40]. This can further be generalized by including more involved kinetic coupling terms
to the scalar field, which appear in the teleparallel extension of Horndeski gravity [58] or are obtained by applying
disformal transformations to the gravitational action [59]. Studying these theories would also extend a previous result
on the post-Newtonian limit of Horndeski gravity [56]. Further, one could consider theories with more than one
scalar field, which are constructed similarly [41], and calculate their post-Newtonian limit in analogue to the related
multi-scalar-curvature theories [60]. One might also consider another similarly constructed class of theories, in which
the scalar fields couples to the nonmetricity of a likewise flat, but torsion-free connection [61, 62].
Another possible direction of future research is to calculate higher perturbation orders. There are different ap-
proaches which may be pursued. One possibility is to replace the static point mass source we considered by a
homogeneous sphere, in order to calculate also the parameter β in the massive case [63]. Another possibility would
be the application of higher order perturbation theory in order to study the emission of gravitational waves during
the inspiral phase of a binary black hole merger or similar events [64].
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